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An expanding cavity model (ECM) for determining indentation hardness of elastic strain-hardening plastic materials is
developed. The derivation is based on a strain gradient plasticity solution for an internally pressurized thick-walled spher-
ical shell of an elastic power-law hardening material. Closed-form formulas are provided for both conical and spherical
indentations. The indentation radius enters these formulas with its own dimensional identity, unlike that in classical plas-
ticity based ECMs where indentation geometrical parameters appear only in non-dimensional forms. As a result, the newly
developed ECM can capture the indentation size eﬀect. The formulas explicitly show that indentation hardness depends on
Young’s modulus, yield stress, strain-hardening exponent and strain gradient coeﬃcient of the indented material as well as
on the geometry of the indenter. The new model reduces to existing classical plasticity based ECMs (including Johnson’s
ECM for elastic–perfectly plastic materials) when the strain gradient eﬀect is not considered. The numerical results
obtained using the newly developed model reveal that the hardness is indeed indentation size dependent when the inden-
tation radius is very small: the smaller the indentation, the larger the hardness. Also, the indentation hardness is seen to
increase with the Young’s modulus and strain-hardening level of the indented material for both conical and spherical
indentations. The strain-hardening eﬀect on the hardness is observed to be signiﬁcant for materials having strong
strain-hardening characteristics. In addition, it is found that the indentation hardness increases with decreasing cone angle
of the conical indenter or decreasing radius of the spherical indenter. These trends agree with existing experimental obser-
vations and model predictions.
 2006 Elsevier Ltd. All rights reserved.
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6616 X.-L. Gao / International Journal of Solids and Structures 43 (2006) 6615–6629index (e.g., Tabor, 1951, 1986; Fischer-Cripps, 2002; Wei and Hutchinson, 2003; Cheng and Cheng, 2004).
Instrumented indentation tests, in which indentation load and indenter displacement are simultaneously
recorded and often precisely controlled, can now be performed on very small/thin specimens by applying extre-
mely small loads over depths at the nanometer scale. As a result, micro- and nanoindentation tests have been
identiﬁed to be the most controllable and most eﬃcient method to characterize plastic and time-dependent
responses of materials at small length scales (e.g., Poole et al., 1996; Sakai, 2002).
Hardness can be determined as the ratio of applied load to projected area of the indentation, both of which
are measurable in indentation tests. According to the slip line ﬁeld theory for rigid-perfectly plastic materials,
the hardness H is directly related to the yield stress ry through H = 3ry (e.g., Tabor, 1951). In expanding cav-
ity models (ECMs) developed by Marsh (1964), Hirst and Howse (1969), Johnson (1970) and others using
Hill’s (1950) solution for the quasi-static expansion of an internally pressurized spherical shell of an elas-
tic–perfectly plastic material, H is related not only to the yield stress (ry) but to the Young’s modulus of
the indented material and the geometry of the indenter as well. Because of their improved predictability
and inherent simplicity, such ECMs have been frequently used to characterize indentation deformations of
various materials. However, the ECMs developed using Hill’s solution for elastic–perfectly plastic materials
have been found to break down for materials having appreciable strain-hardening characteristics (e.g., Tabor,
1986; Lawn, 1998). Due to the lack of similar analytical models, ﬁnite element simulations have been used to
study indentation deformations of strain-hardening materials (e.g., Fischer-Cripps, 1997; Giannakopoulos
and Suresh, 1999; Mesarovic and Fleck, 1999; Zhang and Subhash, 2001; Mata et al., 2002; Park and Pharr,
2004; Taljat and Pharr, 2004; Sakai et al., 2004). This motivated the recent development of two new ECMs for
elastic linear-hardening and elastic power-law hardening materials by Gao et al. (2006).
Moreover, indentation tests have revealed that hardness, which is determined from the size of impression
caused by indentation loads, is size dependent when the characteristic length of the impression is on the order
of microns (e.g., Tabor, 1986; Hutchinson, 2000; Swadener et al., 2002; Gerberich et al., 2002; Wei and Hutch-
inson, 2003). That is, the material hardness increases with the decrease of the size of the indentation at the
micron scale, which is known as the indentation size eﬀect (ISE). Eﬀorts have been made to explain what
causes the ISE, many of which are based on the strain gradient plasticity theories proposed by Fleck and
Hutchinson (1993, 2001) and Nix and Gao (1998). These continuum-based full-ﬁeld analyses, typically numer-
ical (Wei and Hutchinson, 2003), shed new light on understanding this size eﬀect. However, they appear to
lack the simplicity exhibited by expanding cavity models (ECMs). The existing ECMs, on the other hand, can-
not capture the ISE, because the solutions upon which the ECMs are built were derived using classical plas-
ticity that is local in nature and does not contain any internal length scale (Hutchinson, 2000). For example,
Johnson’s (1970) ECM does not include any microstructural length parameter in the expressions for the hard-
ness. This deﬁciency is in addition to the lack of a strain-hardening parameter in his most widely used ECM.
The two ECMs recently developed by Gao et al. (2006), in spite of being capable of describing the strain-hard-
ening characteristics of materials, involve the geometric parameters only in a non-dimensional fashion and con-
tain no microstructural length scale. Hence, there is still a need to develop new ECMs, which incorporate both
the strain-hardening and indentation size eﬀects, by using solutions for internally pressurized thick-walled
spherical shells of elastic strain-hardening materials that are based on higher-order (non-local) continuum
theories.
The objective of this paper is to provide such a new model for describing conical and spherical indentations
of elastic strain-hardening plastic materials. The newly developed expanding cavity model (ECM) is based on
the strain gradient plasticity solution for an internally pressurized thick-walled spherical shell of an elastic
power-law hardening material reported in Gao (2003a). The present ECM analytically incorporates both
the strain-hardening and indentation size eﬀects for the ﬁrst time. The rest of this paper is organized as fol-
lows. In Section 2, the elastic–plastic solution of Gao (2003a) is summarized. This is followed by the develop-
ment of the new ECM in Section 3. It is shown that the new ECM can be reduced to the ECM for elastic
power-law hardening materials recently developed in Gao et al. (2006) when the strain gradient eﬀect is not
considered and to Johnson’s ECM for elastic–perfectly plastic materials when both the strain-hardening
and strain gradient eﬀects are ignored. To demonstrate the newly developed ECM, sample cases are analyzed
in Section 4, where the predictions are also compared with existing experimental hardness data to validate the
new model. The paper concludes with a summary in the ﬁfth and last section.
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To facilitate the development of the new model, the relevant formulas of the strain gradient plasticity solu-
tion reported in Gao (2003a) for a thick-walled spherical shell of the inner radius ri and outer radius ro sub-
jected to the internal pressure pi are summarized in this section.
The solution is based on the strain gradient plasticity theory proposed by Mu¨hlhaus and Aifantis (1991),
which introduces higher-order strain gradients into the yield condition, while leaving all other features of clas-
sical plasticity unaltered. This modiﬁcation results in the inclusion of a length scale into classical plasticity and
renders it possible to model mechanical phenomena involving ﬁne length scales. The simplest version of this
strain gradient plasticity theory employs, in the yield condition,re ¼ rHe  cr2ee; ð1Þ
where re and rHe are, respectively, the total and the homogeneous part of the eﬀective stress, ee is the eﬀective
plastic strain, $2 is the Laplacian operator, and c is the gradient coeﬃcient (i.e., a force-like constant measur-
ing the eﬀect of strain gradient), which can be positive or negative, depending on the underlying microstruc-
ture of the material (e.g., Tsagrakis and Aifantis, 2002). The extra boundary conditions arising from the
inclusion of the strain gradient term in Eq. (1) can be represented byoee
om
¼ 0 or ee ¼ ee on oPB; ð2Þwhere oPB is the boundary of the plastic region, m is the unit outward normal to oPB, and the overbar stands
for the prescribed value. All other equations in classical plasticity remain unchanged in this strain gradient
plasticity theory.
For linearly elastic, power-law hardening plastic materials (e.g., Gao, 1992), the stress–strain relation is
given byrHe ¼
Eee ðre 6 ryÞ;
kene ðre > ryÞ;

ð3Þwhere n is the strain-hardening exponent (0 6 n 6 1), and k is a material constant related to the yield stress (ry)
and Young’s modulus (E) by k ¼ En=rn1y .
The stress, strain and displacement components in an internally pressurized spherical shell of the elastic
power-law hardening material deﬁned by Eq. (3) have been derived in Gao (2003a) using Hencky’s deforma-
tion theory, the strain gradient theory described by Eqs. (1) and (2) and the material incompressibility assump-
tion. The solution gives the stress, strain and displacement components in the plastic region (ri 6 r 6 rc) of the
shell wall as (Gao, 2003a)rrr ¼  2ry
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;
ð4a–eÞwhere r, h, u denote the coordinates in the spherical coordinate system, rrr, rhh, ruu are the stress components,
err, ehh, euu are the strain components, u is the radial displacement, and rc is the radius of the elastic–plastic
interface that is related to the internal pressure pi through
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. ð5ÞThe stress components in the elastic region (rc 6 r 6 ro) of the shell wall are given by (Gao, 2003a)rrr ¼ 2ry
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; ð6a; bÞand the strain and displacement components in the elastic region have the same expressions as those listed in
Eqs. (4c–e) for the plastic region (with Poisson’s ratio m = 0.5).
Clearly, the stress components given in Eqs. (4a,b) explicitly depend on the inner radius ri as well as on the
non-dimensional quantities rc/ri and ri/r, noting that rc/r = (rc/ri)(ri/r) and rc/ro = (rc/ri)(ri/ro). This size depen-
dence is also displayed by the strain and displacement components listed in Eqs. (4c–e) as well as by the stress,
strain and displacement components in the elastic region (see Eqs. (6a,b), because rc involved in all relevant
expressions depends on ri for given material and loading, as shown in Eq. (5). Hence, this solution has the
capacity to account for the size eﬀect. This is not the case for classical plasticity-based solutions, where only
non-dimensional geometrical quantities are involved (see Gao, 2003a).
The quasi-static expansion of a (small) spherical cavity in a very large medium of the elastic power-law
hardening material can be described by using the solution given in Eqs. (4a–e)–(6a,b) with ro!1. For this
special case, the solution gives, letting ro!1 in Eq. (5),pi ¼
2ry
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; ð7Þwhich will be directly employed to develop the new ECM for elastic strain-hardening materials in the next
section.
3. New expanding cavity model
In Johnson’s expanding cavity model (ECM) for elastic–perfectly plastic materials (Johnson, 1970), the
indentation process is idealized by encasing the contacting surface of the (rigid) indenter in a hemispherical
hydrostatic core of the radius a, which is surrounded by an incompressible hemispherical plastic zone of the
outer radius rc (see Fig. 1). This plastic zone is, in turn, constrained by an elastic region. An increment of pen-
etration of the indenter is accompanied by a radial displacement of the core in the amount of da. The volume
displaced by the movement of the indenter (and thus of the core) is accommodated by a radial expansion (drc)
of the plastic zone and is eventually taken up by the elastic region. The pressure acting on the interface betweenElastic Zone 
Plastic Zone 
rc
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R
h 
core 
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Fig. 1. Schematic of conical indentation (a) and spherical indentation (b).
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suring the hardness. This model is based on the experimentally observed fact (e.g., Marsh, 1964; Hirst and
Howse, 1969) that the plastic zone beneath a Brinell-ball indenter or a blunt Vickers-pyramidal/conical inden-
ter exhibits spherical symmetry, which resembles the plastic region near an expanding spherical cavity in an
elastic–plastic solid. By following a procedure similar to that used in Johnson (1970), two ECMs for elastic
strain-hardening plastic materials have recently been developed by Gao et al. (2006).
The same volume conservation assumption as that used in Johnson (1970) and Gao et al. (2006) will be
employed here to develop the new ECM based on the strain gradient plasticity solution reviewed in the pre-
ceding section. For conical indenters (see Fig. 1(a)), this volume conservation, i.e., the volume of the material
displaced by the indenter is fully accommodated by the radial expansion of the hemispherical core, givespa2 cot ada ¼ 2pa2dujr¼a; ð8Þ
where a is the radius of the hemispherical hydrostatic core (which is also the radius of the projected area of the
indentation and, for brevity, will be called the indentation radius in the sequel), a is the half included angle (i.e.,
cone angle) of the conical indenter (see Fig. 1(a)), and u is the radial displacement. For spherical indenters (see
Fig. 1(b)), the assumed conservation of volume of the core yieldspa2 dh ¼ 2pa2dujr¼a; ð9Þ
where h is the indentation depth satisfying h ¼ R
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R2  a2
p
, with R (>a) being the radius of the spherical
indenter. Note that plastic deformation starts only at a ﬁnite value of a in a spherical indentation (e.g., Tabor,
1986), which diﬀers from that in a conical indentation with a sharp indenter where plastic ﬂow occurs instan-
taneously upon loading. This fact has been automatically incorporated in Eq. (9) (and thus in the new ECM
for spherical indentations).
From Eq. (4e) it follows that the rate of change of the radial displacement at any r in the plastic zone (i.e.,
a 6 r 6 rc here) with respect to rc isdu
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; ð10Þwhich givesdujr¼a ¼
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drc. ð11ÞNote that ri = a in the current application of the solution reviewed in Section 2. Using Eq. (11) in Eq. (8) leads
to, for conical indenters,3r2c drc ¼
E cot a
ry
a2 da. ð12ÞA direct integration of Eq. (12) yields, noting that rc! 0 as a! 0 (i.e., no indentation deformation),
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ð14Þfor conical indentations. Note that p in Eq. (14), satisfying rrrjr=a = p, approximately represents the mean
contact pressure (i.e., applied load/projected area of the indentation = P/(pa2)), thereby measuring the hard-
ness (H) of the indented material (i.e., p = H) (Tabor, 1986). When c = 0, i.e., no strain gradient eﬀect is con-
sidered, Eq. (14) becomesp
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¼ 2
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1þ 1
n
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. ð15Þ
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Eq. (14) reduces to, with the use of l’Hoˆpital’s rule,p
ry
¼ 2
3
1þ ln 1
3
E
ry
cot a
  
. ð16ÞEqs. (15) and (16) are, respectively, identical to those obtained in Gao et al. (2006) and Johnson (1970) for
conical indentations of incompressible elastic power-law hardening and elastic–perfectly plastic materials,
thereby verifying the newly derived ECM model for conical indentations.
Clearly, Eq. (14) shows that the indentation hardness H (=p) is explicitly dependent on the indentation size
a, while Eqs. (15) and (16), which are based on classical plasticity, say that the hardness does not depend on a
(or any other length parameter). This indicates that the new ECM has the capacity to describe the indentation
size eﬀect observed in conical microindentations. The dependence of the indentation hardness on the shape of
the indenter, as reﬂected through a, can be readily seen from Eqs. (14)–(16) for both elastic–perfectly plastic
and elastic strain-hardening materials with or without the strain gradient eﬀect. This dependence of hardness
on the indenter cone angle implies that indentation hardness is not an absolute material property and therefore
the cone angle associated with its determination needs to be speciﬁed.
Similarly, using Eq. (11) in Eq. (9) yields, for spherical indenters,3r2cdrc ¼
E
ry
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R
a3da; ð17Þwhere use has been made of Taylor’s expansion:dh ¼ adaﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
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; ð18Þwith all non-linear terms truncated. For spherical indentations with small a/R (and therefore small indentation
depth h), this linearized approximation should work well. A direct integration of Eq. (17) yields, noting that
rc! 0 as a! 0,rc
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ð20Þfor spherical indentations. When c = 0, i.e., no strain gradient eﬀect is considered, Eq. (20) becomesp
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. ð21ÞThis expression is the same as that obtained in Gao et al. (2006) for spherical indentations of elastic power-law
hardening materials based on classical plasticity. Furthermore, when c = 0 and n! 0, i.e., for elastic–perfectly
plastic materials with no strain gradient eﬀect, Eq. (20) reduces to, with the use of l’Hoˆpital’s rule,p
ry
¼ 2
3
1þ ln 1
4
E
ry
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R
  
. ð22ÞFrom Eqs. (21) and (22) it is seen that the hardness H (=p) depends on the indentation size a in a non-dimen-
sional manner (i.e., through a/R). But from Eq. (20) it is clear that a enters the hardness expression not only
through a/R but also through its own identity. Therefore, the new ECM based on the strain gradient plasticity
solution has the capacity to account for the indentation size eﬀect observed in spherical microindentations.
The dependence of indentation hardness on indenter geometry displayed here in spherical indentations of both
elastic–perfectly plastic and elastic strain-hardening materials with or without the strain gradient eﬀect supple-
ments what is observed in conical indentations discussed above and, once again, indicates that indentation
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Eqs. (14) and (20) represent an expanding cavity model (ECM) that is capable of capturing both the strain-
hardening and indentation size eﬀects. Clearly, Eqs. (14) and (20) show that for a given indenter geometry the
indentation hardness depends on E, ry, n and c. This ECM can be utilized to estimate the indentation hardness
of a material with strain-hardening characteristics and exhibiting indentation size eﬀect, which complements
the existing ECMs for elastic–plastic materials developed by Johnson (1970), Gao et al. (2006) and others.
Johnson’s ECM in its original form is known to predict lower hardness values than experimentally mea-
sured ones (e.g., Studman et al., 1977). As a result, attempts have been made to modify the original ECM
of Johnson (1970). The modiﬁcation by Studman et al. (1977) was based on the observation that in Johnson’s
ECM there exists a jump (step-discontinuity) in re (=rhh  rrr) from r = a, where re = 0 due to the assumed
hydrostatic stress state with rhh = rrr = ruu = p, to r = a+, where re = ry for elastic–perfectly plastic mate-
rials. Accordingly, variations in the stresses in the hemispherical core beneath the indenter from hydrostatic to
other values that obey the von Mises yield condition are considered in Studman et al. (1977). This modiﬁca-
tion appears to be simple and leads to better predictions (i.e., closer to the experimental data). Hence, the idea
used in Studman et al. (1977) to improve Johnson’s ECM for elastic–perfectly plastic materials has recently
been extended to modify two ECMs for elastic strain-hardening materials in Gao et al. (2006). By following
a similar procedure, the ECM developed above has been modiﬁed. The major diﬀerence is that ry in the von
Mises yield condition rhhjr¼a  rrrjr¼a
  ¼ ry used in Studman et al. (1977) is now replaced by rejr=a (i.e, the
total eﬀective stress on the interface r = a), which is no longer ry due to the strain-hardening and strain gra-
dient eﬀects. The results of the modiﬁcation are listed below, but the derivation is excluded because of the sim-
ilarity mentioned above.
For conical indentations, the modiﬁed formula isH
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. ð23ÞWhen c = 0, i.e., no strain gradient eﬀect is considered, Eq. (23) becomesH
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; ð24Þwhich is identical to that derived in Gao et al. (2006). When n! 0, i.e., for elastic–perfectly plastic materials,
Eq. (23) gives, with the use of l’Hoˆpital’s rule,H
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. ð25ÞFurthermore, when c = 0 and n! 0, i.e., for elastic–perfectly plastic materials with no strain gradient eﬀect,
Eq. (23) reduces toH
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; ð26Þwhich is the same as that given in Studman et al. (1977) (see Eq. (13) there) for conical indentations of elastic–
perfectly plastic materials.
For spherical indentations, the modiﬁed formula readsH
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Eq. (27) gives, with the use of l’Hoˆpital’s rule,H
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. ð29ÞFurthermore, when c = 0 and n! 0, i.e., for elastic–perfectly plastic materials with no strain gradient eﬀect,
Eq. (27) reduces toH
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ð30Þfor spherical indentations of elastic–perfectly plastic materials.
Eqs. (23) and (27) are obtained from modifying Eqs. (14) and (20), respectively. These newly derived for-
mulas will be applied in the next section to determine indentation hardness.
4. Numerical results
To illustrate the new ECM developed in the preceeding section, sample cases are analyzed here by directly
applying Eq. (23) (for conical indentations) and Eq. (27) (for spherical indentations). The predicted hardness
data for several cases are also compared with relevant experimental results available in the literature to val-
idate the new model. The values of the gradient coeﬃcient c involved in the hardness formulas are determined
for these cases by curve ﬁtting the experimental data, and the material constants E, ry and n needed in the
elastic power-law hardening constitutive model (see Eq. (3)) are obtained by ﬁtting the stress–strain curve
of the indented material (where necessary). For the other cases considered here (as a parametric study), c is
taken, for illustration purpose, to be 2.5 N, and Young’s modulus E to be 73 GPa, which are typical for
an aluminum material (e.g., Zhu et al., 1997; Gao, 2003a,b; Gao, 2006).
The variation of the indentation hardness (H) with the indentation depth (h) for conical indentations of
polycrystalline copper (Cu) is illustrated in Fig. 2, where h = acota (see Fig. 1(a)). The experimental data
shown are taken from McElhaney et al. (1998), which were obtained using a Berkovich diamond indenter that
is equivalent to a conical indenter with a = 70.3. These experimental data have been re-plotted and analyzed
by Nix and Gao (1998) and Huang et al. (2000) to motivate their models for conical indentations. The values0
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Fig. 2. Conical indentations of polycrystalline copper.
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Meyers and Chawla (1998) for polycrystalline Cu (see Figure 5.28 there). The latter is also consistent with that
reported in Fleck et al. (1994). With E, n, ry and a identiﬁed, c, as the only remaining parameter in the hard-
ness formula given in Eq. (23), is determined to be 3.60003 · 1011 N by ﬁtting the experimental data points
shown in Fig. 2 using MATLAB (The MathWorks, Inc.). The substitution of this value of c together with the
speciﬁed values of E, n, ry and a into Eq. (23) leads to the H–h curve plotted in Fig. 2. It is seen that the cur-
rent strain gradient plasticity based ECM is indeed capable of capturing the indentation size eﬀect (ISE)
revealed by the indentation experiments of McElhaney et al. (1998), which is signiﬁcant for polycrystalline
copper when h < 1 lm, while the classical plasticity based ECM (i.e., Eq. (24)) does not have this capability.
On the other hand, it can be observed that the predicted hardness curve does not ﬁt well with all experimental
data points. The particular values of E, n, ry identiﬁed and used here may have contributed to the observed
discrepancy, since these values, which were not made available in McElhaney et al. (1998), may not be the
exact properties of the material indented. However, the main reason for this discrepancy is believed to be what
follows. That is, the experimental hardness data for polycrystalline copper originally obtained by McElhaney
et al. (1998) have been found (Nix and Gao, 1998; Huang et al., 2000) to display a linear relation between H
and 1/h1/2 (or equivalently, H2 versus 1/h), while the current model (i.e., Eq. (23)) predicts that H is propor-
tional to 1/h2 (with h = acota). Nevertheless, it has also been reported that some experimental hardness data
displaying the ISE cannot be ﬁtted to a straight line by using H versus 1/h1/2 (e.g., Begley and Hutchinson,
1998; Lim and Chaudhri, 1999; Elmustafa and Stone, 2002; Ma et al., 2005). Hence, indentation models dif-
ferent from that of Nix and Gao (1998) should also be developed to interpret the ISE for diﬀerent materials/
indentation tests. In fact, Ma et al. (2005) recently proposed an exponential relation between H and h, which
was shown to ﬁt their experimental hardness data very well. Also, Abu Al-Rub and Voyiadjis (2004) proposed
a relation showing Hb / hb/2, where b (>0) is regarded as a material property to be determined from data
ﬁtting. When b = 2, this non-linear relation reduces to the linear scaling relation H / h1/2 of Nix and Gao
(1998). It has been argued that the linear relation holds when the two components of the dislocation density
can be added algebraically (e.g., Poole et al., 1996; Begley and Hutchinson, 1998; Zaiser and Aifantis, 2003).
The current model, which is an extension of Johnson’s expanding cavity model, may be viewed as another one
in the family of models that can capture the non-linear dependence of H on h1/2. The strain gradient coef-
ﬁcient ‘‘c’’ in the current model (e.g., Eq. (23)) plays a role similar to that of b, whose value diﬀers for diﬀerent
materials or indentations where the strain gradient eﬀect is diﬀerent.
As the ﬁrst part of the parametric study, Figs. 3–5 show how the hardness (H) changes with the indentation
radius (a) and other controlling parameters in conical indentations. Fig. 3 illustrates the variations of H with a
and n when a conical indenter with a = 70.3 is employed. The changes of H with a and E/ry are shown in
Fig. 4, and the variations of H with a and a (indenter cone angle) are depicted in Fig. 5. The numerical values
shown in these three ﬁgures are directly obtained from Eq. (23).
From Figs. 3–5 it is clear that the hardness predicted by the present ECM is indeed indentation size depen-
dent when the indentation radius a is very small. The smaller a is, the larger H is, thereby explaining the exper-
imentally observed indentation size eﬀect at the micron scale. On the other hand, when the indentation radius
a is large, the values ofH predicted by the current strain gradient plasticity based ECM approach, from above,
those predicted by the classical plasticity based ECM (Gao et al., 2006), which are constants independent of a
(see Eq. (24)). For example, when E/ry = 200, a = 70.3, the classical plasticity based ECM (i.e., Eq. (24))
gives H/ry = 6.707863, 4.563487, 3.842438, 3.281752 for the materials with n = 0.4, 0.2, 0.1, 0, respectively.
These four values are the lower limits that are respectively approached by the four corresponding curves
shown in Fig. 3, which are obtained using the strain gradient plasticity based ECM (i.e., Eq. (23)). This obser-
vation indicates that there is no pronounced size eﬀect if no small (micron) length scale is involved, which con-
forms to what was noted in Hutchinson (2000) in a general context and agrees with the experimental data of
McElhaney et al. (1998) shown in Fig. 2. Hence, it can be concluded that the use of classical plasticity based
ECMs to calculate the indentation hardness of elastic–plastic materials is justiﬁed as long as the indentation
size is not too small.
The trends of H varying with the strain-hardening level (n), Young’s modulus (E) and indenter cone angle
(a) illustrated in Figs. 3–5 are seen to be the same as those revealed by the classical plasticity based ECM for
conical indentations reported in Gao et al. (2006). That is, H increases with n (see Fig. 3) and E (see Fig. 4) but
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6624 X.-L. Gao / International Journal of Solids and Structures 43 (2006) 6615–6629decreases with a (see Fig. 5) for given values of ry and a. The trend of H varying with a shown in Fig. 5 agrees
with that revealed experimentally (Atkins and Tabor, 1965) and computationally (Cheng and Li, 2000). Also,
it is observed from Fig. 3 that the strain-hardening eﬀect on the indentation hardness can be signiﬁcant when n
(0 6 n 6 1) is large and this eﬀect may be ignored only when n is close to 0 (i.e., if the strain-hardening level is
low). This may explain why the ECMs based on Hill’s solution for elastic–perfectly plastic materials have been
found to break down for materials with strong strain-hardening characteristics, as noted in Section 1.
The changes of the hardness (H) with the indentation radius (a) and other controlling parameters in spher-
ical indentations are illustrated in Figs. 6–8. Fig. 6 shows how H varies with a and n, and Fig. 7 illustrates how
H changes with a and E/ry. These two ﬁgures represent the second part of the parametric study using the
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Fig. 5. Variation of H with a as measured by conical indenters with diﬀerent cone angles.
X.-L. Gao / International Journal of Solids and Structures 43 (2006) 6615–6629 6625values of c and E speciﬁed at the beginning of this section. The numerical values illustrated in these two ﬁgures
and those in Fig. 8 are all obtained from Eq. (27).
The variations of H with a and a/R are shown in Fig. 8, where three data points extrapolated from the
experimental hardness data of Swadener et al. (2002) for an iridium alloy (with a/R = 0.2 and R = 14 lm,
69 lm and 1600 lm, respectively) are also illustrated for comparison. The values of E, ry and n used in the
calculations here are, respectively, 540 GPa, 108 MPa and 0.3186. The ﬁrst two values are taken from Qu
et al. (2006), and the last one is obtained by ﬁtting the stress–strain curve of iridium provided in Qu et al.
(2006) where the hardness data of Swadener et al. (2002) were also re-plotted. The value of c used here is0
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6626 X.-L. Gao / International Journal of Solids and Structures 43 (2006) 6615–66290.03882 N, which is determined by ﬁtting the experimental data points shown in Fig. 8 through using Eq.
(27) and the values of E, ry and n identiﬁed above. It is seen that the predictions by the current model are
in fairly good agreement with the hardness data of Swadener et al. (2002), considering that ﬁtting the exper-
imental data to determine the values of n and c used here is also an approximation.
It is observed from Figs. 6–8 that the dependence of the hardness (H) on the indentation size (through a)
displayed in spherical indentations is similar to that exhibited in conical indentations. An important diﬀerence
is that for spherical indentations with very small a/R (e.g., a/R = 0.02 in Fig. 8) and/or small E/ry (i.e., a large
value of ry) (e.g., E/ry = 50 in Fig. 7) the indentation size eﬀect is not signiﬁcant, as seen from Figs. 7 and 8.
The reason for this is that in such cases the Hertzian elastic contact dominates, since the ﬁnite value of a
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not have been reached. This elastic deformation dominance is also observed by Park and Pharr (2004) from
their classical plasticity based ﬁnite element results.
Similarly, the trends for H varying with n, E and a/R shown in Figs. 6–8 are seen to be the same as those
revealed by the classical plasticity based ECM for spherical indentations reported in Gao et al. (2006), where
the ECM predictions are favorably compared to the ﬁnite element results of Park and Pharr (2004). That is, H
increases with n (see Fig. 6), E (see Fig. 7) and a/R (see Fig. 8) for given values of ry and a. This indicates that
according to the current ECM, for ﬁxed indentation radius (a) the hardness (H) increases with decreasing
indenter radius (R). Once again, it is observed from Fig. 6 that the strain-hardening eﬀect on the indentation
hardness can be large when n (0 6 n 6 1) is large and may be neglected only when n is close to 0 (i.e., if the
strain-hardening level is low).
To further illustrate the current ECM for spherical indentations, the variations of H with a/R for spherical
indenters with diﬀerent values of R are shown in Fig. 9. The numerical values illustrated here are obtained
using Eq. (27), with E, ry, n and c being the same as those used for Fig. 8. It is seen from Fig. 9 that H
increases signiﬁcantly with decreasing R when R is suﬃciently small. This predicted indentation size eﬀect
(ISE) agrees with that observed in spherical indentation tests by Swadener et al. (2002), thereby supporting
the newly developed ECM.
5. Summary
An expanding cavity model (ECM) for describing indentation deformations of elastic strain-hardening
plastic materials is developed by using a strain gradient plasticity solution for an internally pressurized
thick-walled spherical shell of an elastic power-law hardening material. Both conical and spherical indenta-
tions are considered in the formulation. The closed-form formulas derived show that the indentation radius
enters these expressions not only in non-dimensional forms but also with its own dimensional identity, thereby
enabling the interpretation of the indentation size eﬀect. It is seen that for a given indenter geometry the inden-
tation hardness explicitly depends on Young’s modulus, yield stress, strain-hardening exponent and strain gra-
dient coeﬃcient of the indented material. The new model reduces to Johnson’s ECM for elastic–perfectly
plastic materials when both the strain gradient and strain-hardening eﬀects are ignored.
To illustrate the newly developed model, sample cases are analyzed. The numerical results show that the
indentation size eﬀect does exist (i.e., the smaller the indentation, the larger the hardness) when the indentation
6628 X.-L. Gao / International Journal of Solids and Structures 43 (2006) 6615–6629or indenter radius is very small. It is also found that for both conical and spherical indentations the indenta-
tion hardness increases with the Young’s modulus and strain-hardening level. The strain-hardening eﬀect on
the hardness can be very large for materials with strong strain-hardening characteristics. Furthermore, the
indentation hardness is seen to depend on the cone angle of the conical indenter or the radius of the spherical
indenter. These observations conform to those revealed by experiments and existing models.
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